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ABSTRACT
In the internal shock model for gamma-ray bursts (GRBs), the synchrotron spectrum from the fast
cooling electrons in a homogeneous downstream magnetic field (MF) is too soft to produce the low-
energy slope of GRB spectra. However the magnetic field may decay downstream with distance from
the shock front. Here we show that the synchrotron spectrum becomes harder if electrons undergo
synchrotron and inverse-Compton cooling in a decaying MF. To reconcile this with the typical GRB
spectrum with low energy slope νFν ∝ ν, it is required that the postshock MF decay time is comparable
to the cooling time of the bulk electrons (corresponding to a MF decaying length typically of ∼ 105
skin depths); that the inverse-Compton cooling should dominate synchrotron cooling after the MF
decay time; and/or that the MF decays with comoving time roughly as B ∝ t−1.5. An internal shock
synchrotron model with a decaying MF can account for the majority of GRBs with low energy slopes
not harder than ν4/3.
Subject headings: gamma ray: bursts — gamma ray: observations
1. INTRODUCTION
The radiation mechanism of gamma-ray bursts (GRBs)
is still one of the key problems in GRB physics. The
GRB spectra usually can be well fit by the Band func-
tion (Band et al. 1993), where two power law sections
are smoothly jointed. The low and high energy pho-
ton indices are typically α ∼ −1 and β ∼ −2.2, respec-
tively, and the νFν spectral peak energy is Ep ∼ 250 keV.
(Preece et al. 2000). Given the non-thermal spectra and
the high luminosity of GRBs, it is widely believed that
the main radiation mechanisms at work are synchrotron
and/or inverse-Compton (IC) radiations (Me´sza´ros et al.
1994, Tavani 1996, Cohen et al. 1997). Since the spectral
bump in sub-MeV range dominates the energy flux, syn-
chrotron is more favored over IC to account for the sub-
MeV emission (Derishev et al. 2001; Piran et al. 2009).
However, more careful studies have raised questions
about the simple synchrotron model. In the widely used
internal shock model (Rees & Me´sza´ros 1994), the en-
ergy dissipation in GRBs is caused by collisions between
different parts of the unsteady outflow. These collisions
produce shocks which accelerate electrons and generate
magnetic field, and the GRB prompt emission is pro-
duced by the synchrotron radiation from the accelerated
electrons. The high energy spectral slope β ∼ −2.2 is
consistent with the synchrotron spectrum from fast cool-
ing electrons injected as a power law energy distribu-
tion with the particle index p ∼ 2.3, a typical value in
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Fermi shock acceleration. However, in order to produce
synchrotron photon of Ep at ∼sub-MeV range, the mag-
netic field strength should be strong, close to equiparti-
tion value. The strong fast cooling of electrons in strong
magnetic field produces a low energy spectral slope with
α = −3/2, extending from the injection energy Ep down
to very low energy, much softer than observed ones. This
raises the fast cooling problem of synchrotron radiation
in GRBs (Ghisellini et al. 2000, Preece et al. 2000).
In recent years an alternative model based on photo-
spheric emission has been widely discussed for explain-
ing the prompt emission (Me´sza´ros & Rees, 2000; Rees
& Me´sza´ros 2005; Ryde 2005; Pe’er et al. 2006; Be-
loborodov 2010). In general a hard spectrum, as hard
as νFν ∝ ν
3, may be produced. A number of GRBs are
found to be consistent with photospheric emission (e.g.,
Ryde et al. 2010; Pe’er, et al. 2012). However, the
spectrum predicted can be too hard at low energies and
too soft at high energies, compared with typical spec-
tral slopes of α ∼ −1 and β ∼ −2.2. So a non-thermal
emission component may still play a crucial role in the
prompt emission.
An underlying assumption in the traditional syn-
chrotron internal shock model is that the downstream
magnetic field (MF) is homogeneous. However, as dis-
cussed by Gruzinov & Waxman (1999) and Gruzinov
(2001) in the case of afterglow shocks, if the MF is gen-
erated by the Weibel instability, the MF would main-
tain an equipartition value only within a skin depth of
the plasma, c/ωp, where ωp is the proton plasma fre-
quency. The detailed processes of particle acceleration
and MF formation in collisionless shock are still unclear,
but numerical simulations are making progress. Recent
simulations of shocks indicate that the Weibel instability
induced filaments merge and cause the MF to gradu-
ally decay (e.g., Chang et al. 2008; Silva, et al. (2003);
Medvedev et al. (2005)). The particle-in-cell (PIC) sim-
ulation of Chang et al. (2008) indicates that the MF
decays as a power law of time. The longer PIC simu-
lation by Keshet et al. (2009) up to ∼ 104w−1p seems
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to suggest an exponential decay to ǫB ∼ 10
−2 at a few
hundreds skin depths from the shock front. However,
all the simulations currently only probe a region much
smaller than the shocked region. Thus the MF evolution
on longer time or space scales is still unknown.
Given the uncertainty in MF evolution behind shocks,
Rossi & Rees (2003) and Lemoine (2013) have inves-
tigated the effect of MF decay on afterglow emission.
Lemoine et al. (2013) use Fermi-LAT detected GRB af-
terglows to constrain the MF decay in large scale. Pe’er
& Zhang (2006) consider the MF decay effect on the GRB
prompt emission, and argue that for short enough MF
decaying length scale, the electrons become slow cool-
ing, avoiding the strong fast cooling problem in GRB
spectrum. Derishev (2007) also points out that MF de-
cay behind the shock brings flexibility for the fast cooling
spectrum. Recently, Uhm & Zhang (2013) also introduce
the MF decay to solve the fast cooling problem, but in a
picture different from the internal shock model.
Although Pe’er & Zhang (2006) have pointed out that
the extreme fast cooling slope can be avoided with MF
decay, one still needs to further carefully consider how
the synchrotron spectrum changes with a varying MF
structure, as well as the role of IC cooling. In this paper,
we carry out numerical calculation to study the effect
of the decay of downstream MF on the electron cooling
process and on shaping the GRB spectrum. In §2, the
model of electron cooling in decaying MF is presented;
§3 is the analytical analysis of the synchrotron spectrum;
the results of numerical calculation of the time-integrated
synchrotron and IC spectra are shown in §4; and §5 is
conclusion and discussion.
2. MODEL
We consider the internal shock model for GRBs. When
two parts of the GRB ejecta with different velocities col-
lide, shock waves are generated and propagate into the
unshocked ejecta. Electrons are accelerated at and near
the shock front, and then produce synchrotron and IC
radiation during flowing downstream. We assume the
shock produced MF decay with distance away from the
shock front. The exact MF structure downstream is un-
clear, but as some authors did (Lemoine, 2013; Medvedev
& Spitkovsky 2009), we take the following two possible
MF structure downstream. One is a power law decay
(PLD) with time, where the magnetic field in the rest
frame of the downstream plasma is
B =
{
B0 t ≤ tB
B0(t/tB)
−αB t > tB
(PLD), (1)
and the other is an exponential decay (ED) with time,
B = B0 exp(−t/tB) (ED). (2)
Here t is the time measured in the rest frame of the down-
stream plasma since the entry at the shock front. The
values of the constants B0 and tB are presented below.
Consider a GRB with observed luminosity L and vari-
ability time δt, and assume that the bulk Lorentz factor
is Γ and that the fraction of internal energy carried by
accelerated electrons is ǫe. The internal shock radius is
estimated to be r = 2Γ2cδt, and the electron number
density (or proton number density) in the rest frame of
the outflow is given by ne = L/Γ
24πr2mpc
3ǫe.
The MF generated by the shock is as-
sumed to carry a fraction ǫB of the post-
shock internal energy, thus the postshock MF
at the shock front is B0 =
√
8πǫBmpc2ne =
5 × 104L
1/2
52 δt
−1
−2(
Γ
300 )
−3( ǫe0.3 )
−1/2( ǫB0.3 )
1/2G, where
the convention Q = 10xQx is used.
If an electron with injection Lorentz fac-
tor γm only cools by synchrotron radiation
in the magnetic field of B0, the synchrotron
cooling time is t˜c = 6πmec/σT γmB
2
0 =
3 × 10−4L−152 δt
2
−2(
Γ
300 )
6( ǫe0.3 )(
ǫB
0.3 )
−1γ−1m,3s. This is
much shorter than the outflow dynamical time,
tdyn ≃ r/cΓ = 10(Γ/300)δt−2s, but much longer
than the downstream plasma time scale, ω−1p =
(4πneq
2
e/mp)
−1/2 = 1.6× 10−9L
−1/2
52 δt−2(
Γ
300 )
3( ǫe0.3)
1/2s.
We parameterize the MF decay time tB by
τB ≡ tB/t˜c. (3)
The Fermi shock accelerated electrons are expected to be
a power law distribution, dne/dγe ∝ γ
−p
e , where γ > γm
and p ≈ 2.3. To reconcile with the observed peak energy
in the sub-MeV band, the minimum electron Lorentz fac-
tor should be γm ∼ 10
3. In the numerical calculation we
will take
γm = 10
3 and B0 = 5× 10
4G. (4)
The simulation of Keshet et al. (2009) indicated τB >
104ω−1p /t˜c ∼ 0.1. In our numerical calculation here, we
will take the value of 0.1 ≤ τB < 5. The MF decaying
slope in the PLD case, αB, is unclear, and here we adopt
nominal values of 0.5 < αB < 3, including the values
implied by numerical simulations (Chang et al. 2008).
Since we are interested in the time-integrated emission
during the electron cooling, we consider impulsive injec-
tion of high energy electrons at the shock front, and the
electrons undergo synchrotron and IC cooling when be-
ing carried away downstream from the shock front. The
evolution of electron energy distribution can be solved
using the continuity equation,
∂(dne/dγe)
∂t
+
∂[γ˙e(dne/dγe)]
∂γe
= 0. (5)
The initial energy distribution of electrons follows a
power law with particle index of −p. The time t is
measured in the rest frame of the downstream plasma,
starting from the injection at the shock front. When the
electrons are advecting downstream they encounter a de-
caying MF, where the initial MF strength at injection is
B0. Note that we neglect the adiabatic energy loss in the
continuity equation, which is valid given that the radia-
tive cooling is much faster than the expansion, as seen
by t˜c ≪ tdyn.
The radiative energy loss of the electrons can be de-
scribed by
γ˙emec
2 = −(Psyn + PIC) = −
4
3
σT cγ
2
e
B2
8π
(1 + Y ), (6)
where Y = PIC/Psyn is the Compton parameter, and
should be function of time. For simplicity, we assume
that the synchrotron photon energy density that the elec-
trons encounter during the cooling process is independent
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of time t. This assumption is valid based on the following
arguments. Although we consider, from technical point
of view, impulsive injection of electrons in the calcula-
tion, the injection in reality happens in a finite duration,
in which the shock wave crosses the colliding ejecta shell.
The electrons encounter photons emitted both by earlier
and later injected electrons. Moreover, the photon en-
ergy density at a certain position is contributed by pho-
tons emitted from the whole emission region. Thus, the
synchrotron photon energy density is more or less con-
stant, i.e., independent of the distance from the shock
front. We will also neglect the Klein-Nishina (KN) effect
in the IC scattering, and only use Thompson scatter-
ing cross section in deriving the electron cooling rate γ˙.
The KN effect gives a marginal correction for injection
electrons around γm, and it is even less important when
electrons cool down to lower Lorentz factors. The KN
effect may have stronger effect on electrons injected with
much higher energy, affecting the high energy photon in-
dex β, which is not the focus in this work. Therefore, we
take
Y =
usyn
uB
= Y0
(
B0
B
)2
, (7)
where Y0 = usyn/(B
2
0/8π), denoting the initial ratio of IC
to synchrotron power at shock front. We use the values
of Y0 = 0.5− 5 in the numerical calculation.
From the above model we can solve the electron energy
distribution evolving with time, and hence calculate the
time-integrated synchrotron spectrum. In order to calcu-
late the IC spectrum, one needs the energy distribution
of the seed photons. Here the energy density of the seed
photons, for which we only consider the synchrotron pho-
tons, is given by Y0 and B0, i.e., usyn = Y0B
2
0/8π. The
spectral shape of the seed photons, based on the argu-
ments and assumption above, is approximated by the
time-integrated synchrotron photon spectrum.
3. ANALYTICAL CONSIDERATIONS
Before carrying out the numerical calculation, let us
analyze analytically the low energy spectral index in the
extreme cases.
Consider first the usual homogeneous MF case. We
can approximate the simultaneous synchrotron spectrum
from a single electron as a δ function at the characteris-
tic synchrotron frequency ν(γe) ∝ γ
2
e at any given time
during the electron cooling. Since the cooling time is
tc ∝ γ
−1
e , the time-integrated energy spectrum should
be νFνtc ∝ γe ∝ ν
1/2, which spans between the cooling
frequency and the injection frequency.
Next consider the MF decay cases. Since the ED case
is not trivial to analyze analytically, we consider here
the PLD case. The electron is subject to both syn-
chrotron and IC cooling. For simplicity we further sep-
arate the PLD case into two approximate regimes, the
synchrotron-only and the IC-only cases.
For the synchrotron-only case, we have dγe(t)dt ∝
γe(t)
2B(t)2 ∝ γe(t)
2t−2αB , and hence
γe ∝
{
t2αB−1 αB < 1/2
const. αB > 1/2
. (8)
For αB > 1/2, the MF decays too fast for the electron to
cool, which is less interesting for GRB prompt emission
since huge energy budget would be required. The char-
acteristic synchrotron peak frequency ν ∝ γ2eB(t) and
the time (∆t) within which the electrons mainly emit
synchrotron photons at ν are
ν ∝
{
t3αB−2 αB < 1/2
t−αB αB > 1/2
, (9)
∆t ∝
{
ν
1
3αB−2 αB < 1/2
ν
−
1
αB αB > 1/2
. (10)
The time-integrated energy flux is then
νFν∆t ∝
{
ν
2αB−1
3αB−2 αB < 1/2
ν
2− 1
αB αB > 1/2
, (11)
where Fν ∝ B is used. Note the spectrum is harder
than a slope of 4/3 if αB > 3/2, which is impossible
for synchrotron spectrum. This is due to the δ function
approximation of the synchrotron spectrum. Thus, in
this case we should use νFν∆t ∝ ν
4/3.
For the IC-only case,
γe ∝ t
−1, ν ∝ γ2eB ∝ t
−(2+αB), ∆t ∝ ν
−
1
2+αB . (12)
The time-integrated synchrotron spectrum is
νFν∆t∝ ν
2αB+1
αB+2 . (13)
Note the spectrum is harder than a slope of 4/3 if αB >
5/2, in which we should also use νFν∆t ∝ ν
4/3.
From equations (11) and (13) (also see Lemoine 2013
and Derishev 2007 for similar derivations), one finds that
if αB = 0, we recover the usual spectrum fast cool-
ing spectral slope of 1/2. However, if the MF decays,
0 < αB < 2/3, the spectrum in the synchrotron only
case becomes softer than 1/2 (eq [11]); while, on the con-
trary, in the IC-only case the spectrum becomes harder
than 1/2, and the larger αB the harder the spectrum (eq
[13]). Thus, IC cooling is important in producing a hard
spectrum.
4. NUMERICAL RESULTS
We present here our numerical results for the GRB
spectra. We take the case with the parameter values
of αB = 1.5, τB = 1.0, Y0 = 0.5 and p = 2.3 as the
fiducial model, which gives a time-integrated synchrotron
spectrum consistent with the typical GRB spectrum with
α ∼ −1 (νFν ∝ ν). The calculation is carried out in the
rest frame of the plasma downstream, but the resultant
spectra have been plotted in the observer frame using a
typical bulk Lorentz factor Γ = 300.
First, we show in Fig 1 the instantaneous synchrotron
spectra of the injected electrons. One can find that
the MF decay case generally produces much weaker and
harder synchrotron emission than that in the homoge-
neous MF case at the same time t. Thus the time-
integrated spectrum should be harder. Then we calculate
the time-integrated spectra up to different times (Fig 2)
to illustrate how a harder spectrum in the low energy
band is formed. From Fig 2, we can see that in the MF
decay case the low energy index becomes softer with time
and stabilizes at around ∼ 1 at late time, harder than
that in the homogeneous MF case.
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In Fig 3, we show the time-integrated synchrotron
spectrum, calculated over a duration from the electron
injection up to 0.05 s, which is about ∼ 102t˜c. Up to
this time, the time-integrated spectrum does not vary
any longer in the interesting energy range and becomes
a ”steady” state. One can see that the MF decay leads
to harder low energy spectral slopes, compared with the
homogeneous MF case. By changing the parameter val-
ues we can see how the resulted synchrotron spectrum
varies.
From Fig 3 it can be seen that for the PLD case the low
energy (below injection frequency) spectrum is mostly
sensitive to the MF decay slope, αB; the spectrum is
harder for larger αB. For αB approaching zero, the νFν
spectral slope is close to the homogeneous MF case, 1/2;
if αB & 2 the slope is close to the slow cooling slope, 4/3.
This is consistent with predicted in equation (13).
Fig 3 also shows that in the PLD the MF decay time
scale and the Compton parameter do not sensitively af-
fect the low energy slope. If the decaying time is larger,
i.e., larger τB, the spectrum is close to the homoge-
neous MF case, but the spectral slope in the lowest
energy range does not change much. Similarly, it can
be seen that changing the Compton parameter Y0 does
not change much the spectral slope at the lowest energy
end, while changing the normalization of the synchrotron
spectrum.
In the ED case, the spectrum also becomes harder than
the traditional homogeneous MF case, but similarly to
the PLD case, the spectral slope tends towards 4/3 and
does not change much with varying MF decay time scale.
We also calculate the case of a spectrum softer than
1/2, with 0 < αB < 2/3 and without IC cooling (Fig. 4).
These represent a small fraction of burst cases (Preece
et al. 2000). From Fig 4, we can see that our numeri-
cal calculations indeed obtain a softer spectrum, roughly
consistent with the prediction in equation (11).
Finally, we calculate the time-integrated IC spectrum,
shown in Fig. 5. The IC spectral slope in the MF decay
case in low energy band depends on the low energy part
of the synchrotron spectrum, so it is also harder than the
homogenous MF case. However, as in the case of a ho-
mogeneous MF, the IC component is usually dominated
by the synchrotron component even in the high energy
range, if the Compton parameter is not much larger than
unity. This is mainly due to the KN suppression of the
IC emission. The IC component in the MF decay case
is even lower than that in the homogenous MF case, be-
cause of the fact that in the former case there are more
soft seed photons that suffer less KN suppression.
The IC component only shows up if the Compton
parameter is much larger than unity (see the case of
Y0 = 5), or the injected electron energy distribution is
soft (so that the high energy synchrotron spectral tail
is soft; see the case of p = 2.8). In Fermi-LAT obser-
vations, an IC component is not explicitly confirmed in
most GRBs. But there are several GRBs showing an ex-
tra high energy component (Abdo et al. 2009a, 2009b),
which might be the IC contribution.
5. DISCUSSION AND CONCLUSION
In this paper, we have assumed that the internal shock
generated MF decays with distance from the shock front,
and taking into account the electron cooling we calcu-
lated the synchrotron and IC emission. We find that the
synchrotron spectrum at low energies (below the injec-
tion frequency) can be harder in this scenario than in
the traditional scenario with a homogeneous postshock
MF. The observed GRB spectra with typical low energy
slopes α ∼ −1 are best reproduced in our power-law de-
cay (PLD) models when (i) the MF decay time is compa-
rable to electron cooling time (τB ∼ 1), (ii) the IC cooling
is not much weaker than synchrotron cooling (Y0 ∼ 0.5),
and (iii) the temporal power-law decay index is αB ∼ 1.5;
or in our exponential decay (ED) models with τB ∼ 1.
The low energy spectral index is most sensitive to the
MF decay index in the PLD case. We also find that the
spectrum would be softer than νFν ∼ 1/2 if the MF de-
cays slope 0 < αB < 2/3 and the IC cooling is negligible.
These cases correspond to the marginal fast cooling cases
(or even slow cooling for 1/2 < αB < 2/3) and thus are
less interesting. However, in the observations, a hand-
ful of bursts indeed have spectra softer than 1/2 (Preece
et al. 2000). So these MF decay cases producing softer
spectra might correspond to these observed bursts. Our
results suggest that the low energy slopes in the MF de-
cay cases are not fixed values of α = −3/2 or α = −2/3
(corresponding to fast or slow cooling, respectively) any
more, but vary from −2 < α < −2/3 (νFν ∝ ν
0−4/3),
which accommodates the observations for the vast ma-
jority of GRBs.
In the present MF decay cases, the synchrotron char-
acteristic frequency moves more rapidly towards lower
frequencies, compared with the homogeneous MF case.
The energy which an electron emits at a certain syn-
chrotron frequency is much less due to the decrease of
the synchrotron cooling rate. The IC cooling becomes
relatively stronger as the synchrotron emission weakens.
Subsequently, this generates a harder spectrum than that
in the homogeneous MF case. However, the spectrum is
unlikely to be harder than νFν ∝ ν
4/3. Thus, for the
relatively small fraction of observed GRBs with νFν low
energy spectral index > 4/3, different effects may be at
play, e.g. strong synchrotron self absorption, or photo-
spheric emission (e.g., Rees & Me´sza´ros 2005; Pe’er et al.
2006; Beloborodov 2010).
The IC radiation will generate an extra component in
the high energy band. However, it is dominant only in
the cases when the initial Compton parameter is large,
Y0 ≫ 1. Since the observations do not show a signifi-
cant high energy component for most GRBs, a high Y0
is not the general case. A very soft electron distribu-
tion is conducive to the emergence of the IC component.
Several Fermi GRBs showing an high energy component
do have a soft spectral slope β . −2.5 above Ep (Abdo
et al. 2009a, 2009b), suggesting a soft electron energy
distribution.
Pe’er & Zhang (2006) consider the MF decay effect
on GRB prompt emission in the internal shock model,
assuming a sharp MF decay. To avoid the fast cooling
problem, the cooling frequency is required to be around
the typical synchrotron frequency (νc ∼ νm). Thus the
spectrum in the low energy bands in their model would
be νFν ∼ ν
4/3. In the present paper, we find that the MF
decay with different power laws can generate a wide range
of spectra with νFν ∝ ν
0−4/3, which accommodates the
data of the vast majority of GRBs. We also find that the
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Fig. 1.— The instantaneous synchrotron spectra for the PLD
and homogeneous MF cases. The fiducial parameters taken to be
Γ = 300, p = 2.3, Y0 = 0.5, αB = 1.5 and τB = 1.0. The lines
from right to left correspond to time t = 1 × 10−5s, 1 × 10−4s,
3 × 10−4s, 4 × 10−4s, 6 × 10−4s, 8 × 10−4s, 1 × 10−3s, and 2 ×
10−3s, respectively. Note that the dashed and the solid lines are
superposed together for the times < 4× 10−4s.
IC cooling, although unimportant in the total energy loss
of electrons, is important in shaping the spectrum in the
low energy bands.
Uhm & Zhang (2013) recently have also considered the
effect of an MF decay, and produce hard synchrotron
spectra consistent with GRB observations. However,
there are essential differences between their model and
ours. Their MF decay time is comparable to the dynam-
ical time of the outflow, B ∝ r−b with b ≈ 1, and their
calculation keeps injecting electrons over a time which is
longer by many orders of magnitude than the dynamical
time at the point when the injection starts. Thus, the
bulk electrons are injected at larger radii r ∼ 1016cm
(and hence small B and large cooling time) so they do
not cool in the extremely fast cooling regime. In our
work, by contrast, we have considered the internal shock
model, and the MF decay time is smaller by many or-
ders of magnitude than the dynamical time. The elec-
tron cooling time is required to be comparable to the
MF decay time in order to avoid extreme fast cooling,
and the synchrotron spectrum is further shaped by the
suppression of synchrotron due to increasing IC cooling.
To reproduce the prompt GRB spectra in our model,
the MF decay time should be comparable to the elec-
tron cooling time, τB ∼ 1, indicating a MF decay
length much larger than the plasma skin depth, typi-
cally ctB ∼ 10
5c/ωp (see also Pe’er & Zhang 2006). This
is different from the afterglow shock case (Gruzinov &
Waxman 1999; Gruzinov 2001; Lemoine et al. 2013).
For the prompt emission, if the GRB outflow is magne-
tized before the shock, this might lead to a relevant scale
which is not the plasma scale but a much larger one.
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